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A fixed point theorem for nonself mappings
Let A be a subset of a sequentially complete Hausdorff locally convex topological vector space E (over the field J?) with calibration I\ By the terminology of R.T. Moore [6] , a calibration T for E means a collection of continuous seminorms p on E which induce the topology of E. Let /, g be nonself mappings from A into E. Let a p , b p , c p , d p and e p be nonnegative real numbers such that a p + b p + c p + d p + e p < 1 and for any x, y in A, and per
(1) p(f(x) -g(y)) < a p p(x -y) + b p p(x -f(x)) + c p p(y -g{y)) + d p p(x -g(y)) + e p p(y -f(x)).
Wlodarczyk [9] proved that / has a unique fixed point if / = g. In this section, we prove that /, g have a unique common fixed point if b p = c p and d p = e p . When / = g, because of p(x -y) -p(y -x), one can, without loss of generality, assume b p = c p and d p = e p . So our result generalizes the result of Wlodarczyk [9] . Since our Theorem includes Theorem 3.3 of Wlodarczyk [9] , it also includes the corresponding theorems in: Hardy and Rogers [2] , Goebel, Kirk and Shimi [1] , Kannan [4] , Nova [7] and Wong [10] . DEFINITION . Let R 0 C T, R 0 / {0}. A subset A of E is said to be of type To with respect to XQ 6 A, if the inequality p(y) < p(x), for some x £ A-x 0 and for all p 6 To implies that y G A -xo- Suppose it is true for n = k. We show that it is true for n = k + 1. Case I. For a>2n+i> where n = k + 1,
If m is even then for all p £ T,
It implies, It further implies,
Cp dp
Using (ii), we get,
for all p G T.
So by induction, we obtain,
1 -a p + b p + dp 1 Cp dp ^ 1 -dp oj P^ -for all p G r.
-a,p -bp -c p -¿dp
Since A is of type To with respect to xq , hence Z2(k+i)+i -x0 G A -x 0 and so £2(fc+i)+i G A.
CASE II. For £271+2> where n -k + 1, 2k+3 P( x 2(k+l)+2 -Xo) = p(x 2 k+4 -X 0 )< ^ p(x m+1 -X m ).
= 0
Using (3), we get,
Since A is of type To with respect to £o> therefore a; 2 (fc+i)+2 € A. By the induction argument x n G A, (V)n G K.
The inequality (3), implies that {x n } is a Cauchy sequence. Hence it converges to some point u in E. Without loss of generality, we can assume that x n +i ^ x n for each n, either X2 n -i u for infinitely many n or X2 n w for infinitely many n. By the symmetry we may assume that X2 n ^ u for infinitely many n. Thus there is a subsequence of {n} such that
u f°r eac h nFor any n > 1 and all p G T we have
as n is sufficently large. Thus
Further we have to show that u G A. But
for all p G r (using 3). So, by passing to the limit,
1 dp _ 9 . P(x 1 -®o) i dp op Cp ¿dp for all p G T. Since A is of type To with respect to Xq, so u G A. Hence u is the fixed point of / in A. If u, v are the fixed points of / and g respectively, 
< p(x -y) < e + 8 implies p(f(x) -g(y)) < e for all p G T.

If at least one of f and g is continuous then f or g has a fixed point. If both f and g have fixed points, then each of them has a unique fixed point and these two points coincide.
Proof. Fix x 0 e E and define {x n } by x 2n +i = /(^2n), ®2n+2 = g(x2n+i)-Then {x"} is a Cauchy sequence. Indeed, if otherwise, then there exists e > 0, such that lim supp(x m -x n ) > 2e, for all p G I\ By hypothesis, there exits 8 > 0, such that, (7) e < p(x -y) < e + S and so p(f(x) -g(y)) < e for all p G T.
Replace 6 by 6' = min{<5, e}. Firstly, we show that ]im.p{x n -x n+ i) J. 0, (V)p G T. Let C n = p{x n -x n+ i). Since from (6) C n , is a decreasing sequence, then (6) fails for C m+ i,p € T, where C m is chosen less than e + 6. Hence 
26'
<Cm + e + Cj < -+ e, for aH p € T.
O
Hence it is a contradiction. So {a;n} is a Cauchy sequence. Since E is sequentially complete, {xn} converges to some point x € E. Thus f(x2n) -» x and g(x2n+i) -> If / is continuous, then
n-+oo n-*co So a; is a fixed point of /. Let u and v be the fixed points of / and g respectively such that u ^ v. Then by using (7), we have that Proof. We shall show that / is a one-to-one mapping. Indeed, let x ^ y and p(x -y) < e but f(x) = f(y). Using (10), we obtain 0 < p(x -y) < p(f(x) -f(y)) = 0, p € T, what is impossible.
Let g be the inverse of/. Then (10) becomes p{g(x)-g(y)) < e, whenever e < p(x -y) < e + 6. By Corollary (3), g has the unique fixed point u. Thus g(u) = u = f(g(u)) = f(u). So u is the unique fixed point of /.
